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Abstract

This paper is devoted to the study of the long wave approximation for water waves
under the influence of the gravity and a Coriolis forcing. We start by deriving
a generalization of the Boussinesq equations in 1D (in space) and we rigorously
justify them as an asymptotic model of the water waves equations. These new
Boussinesq equations are not the classical Boussinesq equations. A new term due
to the vorticity and the Coriolis forcing appears that can not be neglected. Then,
we study the Boussinesq regime and we derive and fully justify different asymptotic
models when the bottom is flat : a linear equation linked to the Klein-Gordon
equation admitting the so-called Poincaré waves; the Ostrovsky equation, which is
a generalization of the KdV equation in presence of a Coriolis forcing, when the
rotation is weak; and finally the KdV equation when the rotation is very weak.
Therefore, this work provides the first mathematical justification of the Ostrovsky
equation. Finally, we derive a generalization of the Green-Naghdi equations in 1D
in space for small topography variations and we show that this model is consistent
with the water waves equations.

1 Introduction

We study the motion of an incompressible, inviscid fluid with a constant density p and no
surface tension under the influence of the gravity g = —ge, and the rotation of the Earth
with a rotation vector f = %ez. We suppose that the seabed and the surface are graphs
above the still water level. The horizontal variable is X = (z,y) € R? and 2 € R is the
vertical variable. The water occupies the domain € := {(X,2) € R® , — H +b(X) <
z < ((t,X)}. The velocity in the fluid domain is denoted U = (V,w)" where V is the
horizontal component of U and w its vertical component. The equations governing such
a fluid are the free surface Euler-Coriolis equations(®)

1
U+ (U-Vx,)U+fxU= —;VX%P—gez in Q, )
div U =0 in €y,

with the boundary conditions
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0 —-U-N=0, (2)

where Py is constant, N = <—VC>7 N, = <_Vb>, U = <V> = U,—¢ and U, =

w
v\
(Wb> - U\z:—H-l—b'

Influenced by the works of Zakharov ([37]) and Craig-Sulem-Sulem ([8]), Castro and
Lannes in [5] shown that we can express the free surface Euler equations thanks to the
unknowns (C, Uy, w) 2) where

Uy =V +wv(,

and w is the vorticity of the fluid. Then, they gave a system of three equations on
these unknowns. In [26] we proceeded as Castro and Lannes and, taking into account
the Coriolis force, we got the following system, called the Castro-Lannes system or the
water waves equations,

0¢(—-U-N=0,

1 2 1 2\ 2 1 1 _
HUAVHS VU =5 V| (1+ V) v |[+w NV +fVE =0, (3)
Ow+((U-Vx )w= (w-Vx.) U+ f0,U,

where w = w|,_ and U = (X) = U[(¢,b)(Uy,w) is the unique solution in H'(€) of
curl U = w in €y,
div U =0 in €y, )
Uy - N, =0,

and with the following constraint

Vt-Uj=w-N. (5)

Our principal motivation is the study of the long waves or Boussinesq regime. Hence, we
nondimensionalize the previous equations. We have six physical parameters in our prob-
lem : the typical amplitude of the surface a, the typical amplitude of the bathymetry
abott, the typical longitudinal scale L., the typical transverse scale L, the character-
istic water depth H and the typical Coriolis frequency f. Then we can introduce five
dimensionless parameters

In fact, Castro and Lannes used the unknowns (C, % . U//,w). But the unknowns ((,U//,w) are
better to derive shallow water asymptotic models.
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The parameter ¢ is called the nonlinearity parameter, 8 is called the bathymetric pa-
rameter, u is called the shallowness parameter, ~ is called the transversality parameter
and Ro is the Rossby number. Then, we can nondimensionalize the Euler equations (1)
and the Castro-Lannes equations (3) (see Part 1.2).

We organize our paper in four parts. In Subsection 1.2, we nondimensionalize the Castro-
Lannes equations (see System (14)) and we give in Subsection 1.3 a local wellposedness
result on these equations by taking into account the dependence on the dimensionless
parameters. Section 2 is devoted to derive a generalization of the Boussinesq equations
in 1D under a Coriolis forcing and to fully justify it. The Boussinesq equations are
obtained under the assumption that p is small, ¢,5 = O(u) (Boussinesq regime) and
by neglecting all the terms of order O(y?) in the nondimensionalized Euler equations or
the water waves equations (see for instance [1] in the irrotational framework). It is a
system of two equations on the free surface ¢ and the vertical average of the horizontal
component of the velocity denoted V = (u,?)! (defined in (22)). Our Boussinesq-
Coriolis equations are a system of three equations on the surface (, the average vertical
velocity V and the quantity V¥ = (uf, v!)" (defined in (29)) which is introduced to catch
interactions between the vorticity and the averaged velocity. These equations are the
following system

¢ + 0y ([1 + &¢ — Bblu) =0,
(1 - ﬁaﬁ) O+ Ou + EUOTT — —T 4+ —p1
3 o}
_ A g _
OyU + eudzv + %u =0,

# t tt
at% + gaax% + é% —0,
where h = 1+¢e( — 8b. Then, in Section 3 we derive and fully justify different asymptotic
models in the Boussinesq regime when the bottom is flat. We first derive in Subsection
3.1 a linear system (System (38)) linked to the Klein-Gordon equation admitting the

so-called Poincaré waves. Then, in Subsection 3.2 we study the Ostrovsky equation

3 1.\ 1

This equation, derived by Ostrovsky ([27]), is a generalization of the KdV equation
in presence of a Coriolis forcing. We offer a rigorous justification of the Ostrovsky
approximation under a weak Coriolis forcing, i.e > = O(y/@). Notice that this work
provides the first mathematical justification of the Ostrovsky equation. In Subsection
3.3 we fully justify the KdV approximation (equation (50)) when the rotation is very
weak, i.e when - = O(u). Finally, in Section 4 we derive a generalization of the Green-

Naghdi equations (62) in 1D under a Coriolis forcing with small bottom variations and we



show that this system is consistent with the water waves equations. The Green-Naghdi
equations are originally obtained in the irrotational framework under the assumption
that y is small and by neglecting all the terms of order O(p?) in the nondimensionalized
Euler equations or the water waves equations (see for instance [32] or Part 5.1.1.2 in [17]
for a derivation in the irrotational framework). These equations were generalized in [4]
in the rotational setting but without a Coriolis forcing. We add one in the paper.

1.1 Notations

- If A € R3, we denote by Ay, its horizontal component.

-V = (:j) € R?, we define the orthogonal of V by V+ = (—J})

- In this paper, C () is a nondecreasing and positive function whose exact value has no

importance.

- Consider a vector field A or a function w defined on €. Then, we denote A = A|,_,
W =W and Ap = A 155, Wp = Wo—_1440-

-If s € R and f is a function on R?, | f| . is its H-norm, |f|, is its L?-norm and | f|;
its L°°(R?)-norm.

- The operator (, ), is the L?-scalar product in R2.
- If f is a function defined on R?, we denote V f the gradient of f.

- If w is a function defined on €, Vx .w is the gradient of w and Vxw its horizontal
component.

- If uw = u(X, 2) is defined in €2, we define

u(X) ! / o (X, z)dz and u* T
u = u(X, z)dz and u" = u — wu.
1+eC—BbJ 11px)

1.2 Nondimensionalization and the Castro-Lannes formulation

We recall the five dimensionless parameter

a Qbott H? L, ar/gH
e=gB=—h rz ) =, adRe=grr (6)

We nondimensionalize the variables and the unknowns. We introduce (see [17] or [26]
for instance for an explanation of this nondimensionalization)

/ gf,:jfdzgyz b _ V9
Yy H’ a ’ Gbott ’ Lac




In this paper, we use the following notations

Oy

’78y’

V’Y o v‘;}/ — ( aZ/

g
) ILLV ) 3 J
> , =V = (f X) s ewrl™ = Vi, x, divit? = VT - (8)

We also define

A\ 1 AV
U = (\/Vﬁvl ) W = ﬁcurlﬂwUﬂ, UV = (@') = Uﬁ,zsc,, Uy = UT‘Z,}HBU, (9)
and
_ v _ Y
NM:< VY C),NZW:< VY b). (10)

Notice that our nondimensionalization of the vorticity allows us to consider only weakly
sheared flows (see [4], [34], [30]). The nondimensionalized fluid domain is

Q= {(X,2)eR?, —148V(X') <2 <el'(t,X)}. (11)

Finally, if V = <Z> € R2, we define V by V* = <—uv> Then, the Euler-Coriolis

equations (1) become

1L 1 1
oy Ut + % (U“ : v;;’,jz,) U* + % < ‘(’; ) = _gv;gﬂz,P’ —-e:in Q,

(12)
diviy!, UM =0 in Qj,
with the boundary conditions
, 1
Oy’ — UM . NP =0,
H (13)
Ul NJH =0,
We can also nondimensionalize the Castro-Lannes formulation. We introduce the quan-

tity

U7 =V +ewVC.

Then, the Castro-Lannes formulation becomes (see [5] or [26] when v = 1),

1
¢ — ~UM - NMY =0,
n

R va TR valh Sl
O U +VC+2V (U//

15 15 g
8w+—<U”'V“’Z> w=— (w . V“’Z) Ut +—0,UH,
R X Il X pRo

2
‘ _iv'yKl e ‘V’YC‘Q) wﬂ _i_gg.NunyL_FiyL -0,
2u Ro

(14)



where U* = <\/ﬁV) = U¥[e¢, ﬁb](U/?w, w) is the unique solution in H'(£) of

w
curl®? U = pw in Qy,
div*? U* = 0 in Qy,

15
(X + vafyg)\z:séj = U_///Lfy7 ( )
U, - N7 =0,
and with the following constraint
VU = w - NP (16)

Remark 1.1. When, w = 0 and Ro = +00, we get the irrotational water waves equations
(see Remark 2.4 in [5]). In particular in this situation, when v = 0 we can check that
the velocity U becomes two dimensional : UV = (\/ﬁVm,O,W)t. This is not the case
when w # 0. Even if v = 0, the vorticity transfers energy from V, to V. The only way
to get a two dimensional speed is to assume that w = (0,w,,0)" (see for instance [18]).

Remark 1.2. Notice that if (C, U/’/W, w) is a solution of the Castro-Lannes system (14),
AVA U/‘/m satisfies the equation

Loe 7. Nevvl o & _
A iR (@N v +ROV)_0.

Furthermore, by taking the trace of the third equation of the Castro-Lannes system (14),
we can see that w - N*7 satisfies the equation

01w NI+ V7 (ew - NFIVE 4 =V =0,
0
Hence, the constraint (16) is propagated by the equations.

We add a technical assumption. We assume that the water depth is bounded from below
by a positive constant

3hflrnin>0 ) 1+€C_ﬂb2hmin- (17)

We also suppose that the dimensionless parameters satisfy

St 0 < 1 < i, 0< €< 1L,0<y<LO<H<Tand =<1 (18)
o
Remark 1.3. We have &, = %. As said in [26], it is quite reasonable to assume

that 5, <1 since for water waves, the typical rotation speed due to the Coriolis forcing
is less than the typical water wave celerity (see for instance [29], [11], [20]).



1.3 Useful results

In this paper, we fully justify different asymptotic models of the water waves equations.
Then, we have to define the notion of consistence (see for instance [17]).

Definition 1.4. The Castro-Lannes equations (14) are consistent of order O (u*) with
a system of equations S for ¢ and V if for all sufficiently smooth solutions (C U”"Y, )
of the Castro-Lannes equations (14) , the pair (C Vie¢, Bb] <U’”, >> (defined in (22))
solves S up to a residual of order O ( )

We also need an existence result for the Castro-Lannes formulation (14). This is the
purpose of the next theorem proven in [26]. We recall that the existence of the water
waves equations is always under the so-called Rayleigh-Taylor condition assuming the
positivity of the Rayleigh-Taylor coefficient a (see Part 3.4.5 in [17] for the link between
a and the Rayleigh-Taylor condition or [26]) where

@ i= aleC, AU} w) = 1+ (8 + V¢, BB (US7, w) - V) wleC, B)(U}7, ). (19)

Notice that in [26] we explain how we can define initially the Rayleigh-Taylor coefficient
a.

Theorem 1.5. Let A >0, N > 5, b€ HVT2(R?). We assume that

(Gor (U)o, 0 ) € HY*3(R2) x HY (R?) x HN (),

that V*7 - wy = 0 and that Condition (16) is satisfied. We suppose that (g, 3,7, u, Ro)
satisfy (18). Finally, we assume that

3 hm1n7 Qmin > 0 €CO + 1— ﬁb > hmln and a[€<—07 6b]((UM7’Y>07wO) Z Amin,

and

;w

)o + llwol| grv-1 < A.

|C0|HN+2

‘ 14 |D
Then, there exists T > 0 and a unique classical solution <C,U“7,w) to the Castro-

Lannes (14) with initial data (Co, (U“ V)O,wo). Moreover,

T =V — _— =
max(s,ﬁ, ﬁ) ’ TO ©

max (K(t, gy +

Y t -
o (t.)

1
U )
NeEavr

thh C] = C (A Hmaxa hmln’ Clmm | |HN+2)

+ [Jw(t ,-)I\le) =,

HN-%



Thanks to this theorem, we know that the quantities (, U“ 7, w and then V (defined in

(22)) remain bounded uniformly with respect to the small parameters during the time
evolution of the flow, which will be essential to derive rigorously asymptotic models.

2 Boussinesq-Coriolis equations when v =0

This part is devoted to the derivation and the full justification of the Boussinesq-Coriolis
equations (31) under a Coriolis forcing and with v = 0. These equations are an
order O(u?) approximation of the water waves equations under the assumption that
g, 8 = O(u). The corresponding regime is called long wave regime or Boussinesq regime.
Contrary to [4], whose approach is based on the averaged Euler equations, our derivation
is based on the Castro-Lannes equations (14). Then, the asymptotic regime is

13
ABouss = {(a&%u,RO),O S S o, o S 1,6=0(u),ﬁ=0(u),7=0}- (20)

Remark 2.1. In fact, we can relax the assumption v = 0 by only assuming that v =
(@) (,u2) since we neglect all the terms of order O(u?) in the following.

We introduce the water depth

h(t, X) =1 +eC(t, X) — Bb(X), (21)

and the averaged horizontal velocity

1 e¢(t,X)
VG AU )6 ) = ety [ VIG (U ><t,X,z>dz(- |
22

More generally, if u is a function defined in €, @ is its average and u* = u — u. In the
following we denote V = (u,v)". As noticed in [5], we have to introduce the ”shear”
velocity

¢
Vsh = Sh[&C ﬁb] (Uuﬂy, )(t, X) = (ush,vsh) = / w,J; (23)

Q=(Q,. Q) =Va =+ /mb/

When v = 0, U;; 7 = (u+ ewd,C,v)". Hence in the following, we denote

and its average

Uy = u+ ewdy(. (24)

In this section, we do the asymptotic expansion with respect to p of different quantities.
In the following, we denote by R a remainder whose exact value has no importance and
which is bounded uniformly with respect to u.



Remark 2.2. Notice that thanks to Theorem 1.5, we know that the quantities (, U/’/m,

w , V and U remain bounded uniformly with respect to the small parameters during the
time evolution of the flow. Furthermore, 0:(, @U;/m, Oww and 0;U also remain bounded
uniformly with respect to the small parameters during this time.

2.1 Asymptotic expansion for the velocity and useful identities

In this part, we give an expansion of the velocity with respect to u. First we recall the
following fact (the proof is a small adaptation of Proposition 4.2 in [26]).

Proposition 2.3. If ((,U/’/W,w> satisfy the Castro-Lannes system (14), we have

UF - N = V7 - (hV) )

This proposition, coupled with the first equation of (14), gives us an equation that links
¢ to V. In particular, when v = 0, we get an equation that links ¢ to w. We also need
an expansion of u and v with respect to p. The following proposition is for v.

Proposition 2.4. If (C,U;;’O,w) satisfy the Castro-Lannes system (14), we have

=T + /1,
U= \//jny

w- N = gv

v
v
and

O + eud,v + iy = 0.
Ro

Proof. Since curl*? UF = puw, we get that

Viw, = —0,v and w, = Jyv. (25)

Then, plugging the ansatz v = v + /pv; in the first equation and using the fact that
the average of v is equal to 0 we get

1 eC eC
V="T— \/ﬁ/ / Wy
h —14+8b J 2/

Furthermore, from the equation on the second component of U;/‘ ’O, we have

O + ew - N#Oqy + ig =0.
Ro
Then, using the second equation of (25), we get that w - N#0 = 9,v and the result
follows.
O



The expansion of u is more complex and also involves an expansion of w. It is the
purpose of the following proposition. But before, we also have to introduce the following
operators

e 2
TG = [0 [ fand TUIC. 00 f = (TIC. AP
z —1+45b
When no confusion is possible, we denote T' = T [e(, 8b] and T* = T* [(, 5b].

Proposition 2.5. If (C,U;;’O,w) satisfy the Castro-Lannes system (14), we have

u =1+ /puy + plu+ M%T*u:h + 1*R,
33—
u=T—\/pQ, + pIT*u — p2Tu, + °R,

where T*u = —3 ([z +1—pb* — %2> 02u + BR. We also have

W = —u0; (/ u) ,
—148b

w = —hd, T — 2 8:hQ, + max(4?, B)R,

and

1 _
u =T = iQy — Hgr0s (R*0,) — p2 (Tu;‘h +Q, (8xh)2> + max(p?, Bu) R.

Proof. This proof is a small adaptation of part 2.2 in [4] and Part 4.2 in [26]. We recall
the main steps. Using the fact that the velocity is divergence free and Proposition 2.3,

W= —u0y (/ u) .
—1+8b

Furthermore, since curl*? U* = pw, we get that

we get

Viwy = 0;u — Oy w.

Then, plugging the ansatz v = u + ,/pu1 and using the fact that the average of u; is
zero, we get

and

10



Then, the expansion for u follows by applying 1 4+ u7™ to the previous equation. Notice
that T*u = —Tu. The computation of T*u follows from the fact that @ does not depend
on z. Finally, the expansion w and wy is the direct consequence for Proposition 2.3 and

the expansion of wu.
O

Thanks to the previous proposition, we can also get an expansion of d;u and Jyw.
Proposition 2.6. If ({,U/’;’O,w) satisfy the Castro-Lannes system (14), we have
2 (U — U — /pug, — pT"u — N%T*u:h> = 1°R,
O (u—u+ ViQ, — uT"u+ 3T, ) = p° R, (27)
) (w + uhd + u%athx) — max(u2, Bu)R.

Proof. From Equality (26) we get that

u=(1—puT*) (@+ /pul) + (T T . (28)
Hence the first and the second equations follows from Remark 2.2. For the third equation,
we get the result thanks to Proposition (2.3) and Remark 2.2. O

As [4] noticed, we can not express T'u’, in terms of ¢ and V. Then, we have to introduce

o A S

— uh?”‘h7

3 ) gt Joagm
eC

12
_ b2 / (142 — Bb)2 (i, )"
R J 14

V= (uf, 0f)!
(29)

Notice that the previous equality follows from a double integration by parts. We have
the following Lemma.

Lemma 2.7. We have the following equalities

9 1 eC eC z
Tu = —(€0,0)" Q, + / 3;0/ 8;,;/ U,
hi) 1ip ~ J2 —148b

1
=~ (0:h) @, — 5702 (n*?) + BR.

Proof. We have

¢ z eC z 2
o, / 0, / o = / o2 / Wy + £0,COy / o (30)
z —1+8b z —1+8b —1+8b

and the first equality follows from the fact that the average of u} is zero and that

ui/h = —Q,. The second equality follows from the same arguments. O

11



In the following section, we give equations for Q,, Q, V! since we can not express
these quantities with respect to ¢ and V. These equations are essential to derive the
Boussinesq-Coriolis equations.

2.2 Equations for Q,, Q, and V?

In this part we give the equations satisfied by Q, and Q,, at order O (,u%> The com-
putations are similar to Part 5.4.1 in [4]. We start by Q,.

Proposition 2.8. If ((,U“’ ) ) satisfy the Castro-Lannes system (14), then, in the

Boussinesq regime (20), @, satisfies the following equation

813@2; + E’U,a Qgg + sta u—+ W ( @) = IU%R,

and u?, satisfies the equation

815“:}1 + Eﬂaa;’u:h + EU:haxﬂ + (ﬁ — ’U) = ,U’%R

€
Ro./1
Proof. Using the second equation of the vorticity equation of the Castro-Lannes system
(14), we have

€ €
0wy + cudywy + ;W@Zwy = ew, 0,V + \/ﬂwzf) LU+ —— o \f
Since w, = —ﬁazv and w, = Jd,v we notice that ew,0,v + szazv = 0. Using
Proposition 2.5 we get

Orwy + €0 wy — €0y [(1+2—Fb)u] Owy — Ro f@ = qu
Then, integrating with respect to z, using the fact that 9, + 9, (hu) = 0 and ug, =
— f;g wy, we get

€
Ro./1

Osugy, + U0 Ush + EUsH O T + (v—v)=¢e0;[(1+ 2z — pb)u] O,usy + M%R.

Integrating again with respect to z, using the fact that 9, 4+ 9, (hu) = 0 and Q, = uf,
we obtain

01Qq + 0, Qr + £Qu0,T + (v—7) =p2R.

€
Ro./1
We have a similar equation for Q,.

12



Proposition 2.9. If (C U/‘/L’ ) ) satisfy the Castro-Lannes system (14), then, in the

Boussinesq regime (20), Q, satisfies the following equation

OQy + D Qy+ €Q 00T + - f (TW—u)=pu2R
and v}, satisfies the equation
Oy, + eudyvy, + euiy 0, + —— (u — 1) = M%R.

Ro \f
Proof. Using the first equation of the vorticity equation of the Castro-Lannes system
(14), we have

€ €
Orwy + culpwy + pwazwgg = ewz0,u + \/ﬁwzﬁ U+ ——— Ro \F

Then, using the fact that V49 . w = 0 and VA° . U7 = 0, we get

e g g
Owy — —0, (uw,) + —0, (Wwy) = ——0,u
o = 0 () + 10 () =

then, we integrate with respect to z and, using the fact that 0;( — %Q" CIN#O =,

wy, = ——L29,v and w, = 0.V, we obtain

v

eC c
0 / wx> —udyv + u8v+ Wav—l— u—1u)=0.
t< 71+13b \/> \/7 M3 RO\/E( )

Then, we integrate again with respect to z and, using Proposition 2.4 and the fact that
9,¢ — 10 - NM0 =0, U} - N#¥ =0, and VA0 . U* = 0, we get

2 1 _ € _
0Q, — fuc? U+ —— \fh </1+6buv> + \/ﬂhathv+Ro\/ﬂ (w—u)=0.

Then, thanks to Propositions 2.3, 2.4 and 2.5 we finally obtain that

0,Q, 410, Q,+2Q, 0,0 Rog\/ﬁ(u—u): W3R,

O]

Notice that we give in Subsection 4.1 a generalization of the two previous propositions
to the fully nonlinear Green-Naghdi regime. Furthermore, in the following proposition
we give an equation for V¥ up to terms of order O (\/ﬁ)

Proposition 2.10. If ((,U“’ , ) satisfy the Castro-Lannes system (14), then V* sat-

isfies the following equation

0;V* + eV, u + eud, V* + évﬁi = max (5, %) VIR.

13



Proof. The proof is similar to the computation in Part 4.4 in [4]. After multiplying by
(142—7b)? and integrating with respect to z the second equations of Propositions 2.8 and
2.9, we neglect all the term of order O(,/z). Then, using the fact that 9;¢ + 0, (hu) = 0
and V-V = /uV3 + pR, we get the result. O

2.3 The Boussinesq-Coriolis equations

We can now establish the Boussinesq-Coriolis equations when d = 1. The Boussinesq-
Coriolis equations are the following system

'@C + aﬂc (hﬂ) = 07

12 _ Cn € _ e 31
(1= 508) 0+ 0uC + cwdsm — v+ ot 5102
04U + eud, v + iH:O,

Ro

@Vﬂ+gV%gﬂ+em%VW+§}vww:Q
O

where V¥ is defined in (29). We can show that the Boussinesq-Coriolis equations are an
order O(u?) approximation of the water waves equations.

Remark 2.11. Inspired by [18], we can renormalize V¥ by h and, using the first equation
of (31), we get the following equation

VI vE\ e (VT
This remark will be useful for the local existence (Proposition 2.15).

Proposition 2.12. In the Boussinesq regime Apoyss (20), the Castro-Lannes equations
(14) are consistent at order O(u?) with the Boussinesq-Coriolis equations (31) in the
sense of Definition 1.4.

Proof. The first equation of the Boussinesq-Coriolis equations is always satisfied for a
solution of the Castro-Lannes formulation by Proposition 2.3. For the second equation,
we use Proposition 2.5, Proposition 2.8 together with Proposition 2.6, Lemma 2.7 and
Proposition 2.10 (we recall that ¢ = O(u)). Notice the fact that all the terms with Q,
disappear. We also use the fact that

‘
mw:%+ma

Then, the third equation follows from Proposition 2.5, 2.5 and 2.9 (all the terms with
Q, also disappear). O

We notice that contrary to the classical Boussinesq equations, we have a new term due to
the vorticity that we can not neglect in presence of a Coriolis forcing. In our knowledge,
this term was not highlighted before in the literature.
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Remark 2.13. In the Boussinesq-Coriolis system (31) we could simplify the term 6%%
by 8%1)ti since these terms are equal up to a remainder of order O(p). However, the term
83”—,5 will be essential for the local existence (see Remark 2.16).

Remark 2.14. If we assume that 5, = O (\/ﬁ), we can neglect the term with vt in the
second equation of (31) and we obtain

0¢ + 0, (huw) =0,
(1—ﬁ82>8m+8c+€ﬂ8ﬂ—i6:0 9
3°° v * Ro ’ (32)
04U + eudzv + iﬂ =0.
Ro

This system is the classical Boussinesq equations with a standard Coriolis forcing. It
is consistent of order O(u?) with the Boussinesq-Coriolis equations (31). We use this
system in Subsections 3.2 and 3.3.

2.4 Full justification of the Boussinesq-Coriolis equations

In this part, we fully justify the Boussinesq-Coriolis equations (31). In the following we
denote by u the quantity w and by v the quantity v. We show that the Boussinesq-
Coriolis equations are wellposed. We define the energy space

X5(R) = H*(R) x H*"(R) x H*(R) x H*"Y(R) x H*T(R), (33)
endowed with the norm
I(C,u,v,W)lﬁgﬁ = €[5 + lulfrs + p|0culfre + [0l3s + Wi + 10 Wl . (34)

Proposition 2.15. Let A > 0, s > % +1, (Co,uo,vo,Vg) € X5(R) and b € H*1(R).
We suppose that (e, 3,7, i1, Ro) € Apouss - We assume that

Elhmin>0,5<0+1_ﬁb2hmin

Vi
‘<C07U07U07w>

Then, there exists an existence time T > 0 and a unique solution (C,u,v,Vﬁ) on [0,T]

and

+ |b|Hs+1 S A
X

to the Boussinesq-Coriolis equations (31) with initial data (Co,uo,vo,Vg) such that we

have (C,u,v, V%) € C([0,T]; X*(R)) with h =14 e( — 8b. Moreover,
T 1 s
T:—Oa,—:c1 and max <C,u,v,v) (t,-)‘ =2,
max (i, g5/1)  To [0,7] h X3

15



with ¢/ = C (A,umax, ﬁ)

Proof. We only give the energy estimates. For the existence see for instance the proof

of Theorem 1 in [14]. We assume that (C,u,v,Vﬁ) solves (31) on [0, m and
’Ro
that

14+e—pb>

hmin TO :|
On 0’ —8 .
max(f, g5+/1)

We denote U = (¢ ,u,v)t and we focus first on the first three equations. This part is
a small adaptation of the proof of Theorem 1 in [14]. The the first three equations
of the Boussinesq-Coriolis equations can be symmetrized, as an hyperbolic system, by
multiplying the second and the third equations by h = 14 — 8b. Then, we obtain the
following system

Ao(U)OU + A (U)3,U + ByU + %BZ(U)U - %ugF(h, b,

where
1 0 0 eu h h
AU)=0 h—pkd2 0|, A(U)=|h ehu 0
0 0 h h 0 chu
and
0 —B0,b 0 00 0 0
Bi=[0 0 0] ,B(U)=|0 0 —h| and F(h,v")=|-Lg2e
0 0 0 0 h O 0
Then we remark that Ay is symmetric and there exists c¢1,co = C (ﬁ, |h Loo) such
that

1
1l0:f < (~30.00.1).1) < calouslE
2
Hence we introduce the symmetric matrix operator
and the energy associated

Then, we see that

16



(A*By(U)U, A*U ), = 0

and by standard product estimates we get

hASa2” A
(mvar o),

Furthermore, notice that

3
7P

< VRC(EXU), bl grsta) v/t

n (35)

Hs+1

1100z s =

I

-1 € /m vt
_ 292 & 2 a9
I (1 6 ) Oy (81C+5u62u Ro v+ Ro 24 0; h)

Hs

<C <HmaXa 5S(U)a \/ﬁ

and therefore

v

1)
HS‘

(%azh/\samatu, Asu)2 < uC <E$(U), bls1 + V[0

Gathering all the previous estimate and proceeding as in [14] we obtain

On

d € vt
_£s < — s
té' (U) < max (,u, Ro\/ﬁ) C (5 (U), 6] gss1 h

Furthermore, using Remark 2.11 and the Kato-Ponce estimate, we get

v

1)
HS.

8%

N

HS

2 2

vi

Hs
0,V 2
“h

)

at | h e

4
dt

d)V’j

# 2

Vv \'L
< pC (x/ﬁlamU\Hs -

i

Then, the result follows. O

7

vi
h’ )x/ﬁ
HS

O

+ |u’Hé |0

Hs

Hs h

Remark 2.16. Notice that the previous energy estimates do not imply that V! €
HsTYR). Hence, it is essential that in Inequality (35) we have the term 82}5 and
not simply 02v* (see Remark 2.13).

Then, we similarly can prove a local wellposedness result for System (32).

Corollary 2.17. Let A > 0, s > 3 + 1, (Co,u0,v0) € H¥(R) x H**Y(R) x H*(R) and
be H*TL(R). We suppose that (¢, 3,7, i1, Ro) € Apouss - We assume that

Elhmin>075C0+1_,Bbthin

and
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Then, there exists an existence time T > 0 and a unique solution to the Boussinesq-
Coriolis equations (31) (¢,u,v) € C([0,T]; H*(R) x H*T(R) x H*(R)) with initial data
(Co,uo,v0). Moreover,

Ip 1 1 2
T= , =c¢ and max to ) s + |u(t s /1 |Opu(t s + ot s =,

with ¢/ = C (A,umax, ﬁ)
Furthermore, we have a stability result for the Boussinesq-Coriolis system (31).

Proposition 2.18. Let the assumptions of Proposition 2.15 satisfied. Suppose that there

exists (f,ﬁ v, v ) eC ([ (TOE\F)] XS(R)> satisfying

/"L7R

0, + 0, (hu) ~ Ry,

_72 _—— — —_— —
(1 8)8tu+8c+6u8u RU+RO 51777
O + €00 + U—R3,

Ro

...,ﬁ ~ ~
A% V eV
8f ~axT 7T:R’
th+€u h+ROh 4

where h =1+ eC — Bb and with R = (Ry, Ry, R3, Ry) € L™ ([0 (Tof)] XS(R)>
max| p, -

Then, if we denote ¢ = (C,u,v,Vﬁ) — <5,ﬂ,ﬁ,Vﬁ> where ({,u,v,Vﬁ) is the solution

given in Proposition 2.15, we have

Vv
(C, 7 R> )(’qt—o’X;;l +t|R‘X;) .
Lo ([0,t]; X5 x X3)

Proof. This proof is a small adaptation of the one of Proposition 6.5 in [17] (see also [1]).
We denote U = (CN, U, 6), ¢o =U—U, R, = (R1, R2, R3) and we keep the notations of the
proof of Proposition 2.15. Since the Boussinesq-Coriolis equations are symmetrizable,

we have

1
‘e(t)|Xi*1 S c (Avlf"ma)u h

€ S
- B 0= —uzF ot
Ro 2(U)e RoH? (h,v* — %) + @G,

¢ v b tovi\ T
0 i_.v + cud, i_v +— i v =H
“\'n R *\no Ro\ h &) 7

18
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where

G =F(h, ") — F(h, ") — Ry — (Ao(U) — Ag(U))8,U
— (AL(U) — AL (0))0,U — %(32([]) — By(U)),

NG,
H=¢(u— u)@x—ﬁ + Ry.

ot

(As_lG,As_le) <|R|X +MC (53( )53 1(8 )7

i

Hs

and

A |
<As—1H7 AL (YL - B)) < QR|X; + puC <55(U)7 M
2

Then, using standard products estimates, we get (notice that s > % +1)

ﬁﬂ’ ) )

8;57 €l ys—1 €l xys—1
Tl )iels ) el
Oy =

EL Y el ) 1o
hHS Xs—1 Xs—1-

Then, the result follows from energy estimates and the Gronwall’s lemma. O

Nz

Hs

The two previous results and Theorem 1.5 allow us to fully justify the Boussmesq—Coriolis
equations. We recall that operators V[ECQ,Bb](U/‘;’ ,w) and Vsh[sc,ﬁb](U/‘/" ,w)(t, X)
are defined in (22) and (23) respectively.

Theorem 2.19. Let N > 7 and (e, 8,7, tt, Ro) € Apouss - We assume that we are under
the assumptions of Theorem 1.5. Then, we can define the following quantity

(w0 v0)" = VIeo, BH)((UL)0,w0) + (u,v)' = V]eC, BB(ULY, ),
V(u] — [‘SCOaﬁb]((U#’ )07w0) ) Vﬁ = Vﬁ[ECNBb](U;;’ 7w0)a
and there exists a time T > 0 such that

(i) T has the form

and — = c'.

(i 5)” " T
(ii) There exists a unique classical solution (CB,uB,vB,VuB) of (31) with the initial data
<C07U0,v0,Vg> on [0,T7].

(iii) There exists a unique classical solution (C U/‘/L’ ,
(6o (U} )0, 0) om [0.7].

(iv) The following error estimate holds, for 0 <t < T,

> of System (14) with initial data

19



‘({,u,v,Vﬁ) B ((B’UB’UB’VﬁB))LOO([O,t]XR) <utd,

with & = C <A7Mmax; e L7 ‘b‘HN‘*‘Q)'

P .
min ~ Gmin

This theorem shows that the solutions of the water waves system (14) remain close to

the solutions of the Boussinesq-Coriolis equations (31) over times O <m> with an
’Ro
accuracy of order O(u). Hence, if one considers a system and wants to show that the

solutions of this system remain close to the solutions of the waves equations over times

O (m) with an accuracy of order O(u), it is sufficient to compare the solutions
’Ro
of this system with the solutions of the Boussinesq-Coriolis equations (31). It is our

approach in the following.

3 Different asymptotic models in the Boussinesq regime
over a flat bottom

The Boussinesqg-Coriolis equations (31) are particularly interesting for the evolution of
offshore water waves. Without vorticity, we get the so-called Boussinesq equations.
When we add a rotation, and in particular Coriolis effects, a standard assumption made
by physicists is to also assume that the Rossby radius, or Obukhov radius, Vol g greater
than the typical length of the waves L (see for instance [29], [11], [20]). Then, different
regimes for the Coriolis parameter were considered depending on whether the rotation is
weak or not ([27], [10], [12]). In this paper, we consider three different regimes (noticed
in [10]), a strong rotation (g; < 1), weak rotation (g; = O(y/it)) and very weak rotation
(g5 = O()). We derive and fully justify different asymptotic models when the bottom
is flat : a linear equation admitting the so-called Poincaré waves (39) ; the Ostrovsky
equation (41), which is a generalization of the KdV equation (50) in presence of a Coriolis

forcing, when the rotation is weak; and the KdV equation when the rotation is very weak.

3.1 Strong rotation, the Poincaré waves

In this part we are interested in the behaviour of long water waves under a strong Coriolis
forcing (in the sense of [10]). We suppose that 5 is of order 1. The asymptotic regime
is

(3
APoin = {(5a6777M7R0)70§MSMO)EZ:UJaﬁ:’Y:Oa% = 1} (36>

Then, the Boussinesq-Coriolis equations (31) become
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O + 0 (14 p¢)u) =0,
3
5 #
_Ho2 _ H2 52V7
(1 38x>8tu+0xé+uu&vu U+248$h 0,
O + pudyv + u =0,

OV + Vi u + pud, VE + V- = 0.

(37)

Our purpose is to justify the so-called Poincaré waves or Sverdrup waves ([33]), which
are inertia-gravity waves in the linear setting. Dropping all the terms of order O (u) in
the Boussinesq-Coriolis equation, we get the linear system

0¢¢ + Opu =0,
8tu + a:tC — UV = 0, (38)
o +u=0.

Then, if we denote U = (¢, u, U)t, by taking the Fourier transform, we get

o 0 —i¢ 0
U =AU with A= [—-i¢ 0 1
0 -1 0

and we obtain,

&2 cos((/€241t)+1 _Z.gsin(\/ 241t) Z.é.cos(\/§2—|-115)—1

41 NS &1
U=80t80=| —igWVEH g /e2r1y  VEDD 70 (39

/£2+1 /£2+1
_Z.gcos(\/§2+1t)—1 _ sin({/€2+1¢) £24cos(y/€241t)

£2+1 \/§2+1 &2+1

Commonly, Poincaré waves are waves of the form
U(t,w) _ ei(zkit\/k2+1)U0.

They are solutions of the Klein-Gordon equation. In this setting, Poincaré waves corre-
spond to solutions of System (38) of the form

U(t,€) = FVEFIT (¢).

Therefore, a solution of System (38) is a sum of two Poincaré waves if and only if

1 0 i€

£2+1 £2+1 .
0o 0 o0 |Uy=o0,
i 0 2

524’,1 £2+1

which is equivalent to
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Co = Ozvo. (40)

In the following, we denote by S(t) the semi-group of the linear Boussinesq-Coriolis
equation. The end of this part is devoted to the full justification of Poincaré waves. The
following lemma shows that Condition (40) is propagated by the flow of System (38).

Lemma 3.1. Let (¢, u,v) be a solution of (38) such that (C,u,v)—o = 0 satisfies Con-
dition (40). Then, for allt € R,

¢(t,-) = Ozv(t, ).

We also have the following dispersion result (see for instance [36] and [25] or Corollary
7.2.4 in [13]).

Lemma 3.2. Let ug € W2(R). Then

/ eia:f:tt\/EQ—HuO(g)dg C
R

< ———[uoly21 -
e I+

We can give the main result of this part.

Theorem 3.3. Let ug > 0, Co,uo,vo,Vg € HS(R), x(o, zug, zv9 € H*(R), such that
o, vo satisfy Condition (40), 1 4+ & > hmin > 0 and 0 < p < pg . Then, there exists a
time T > 0, such that there exists

(i) a unique classical solution (CB,UB, vngﬁB) of (37) with initial data (Co,uo,vo,Vg>
T

on [O, ﬁ} .

(ii) a unique solution (,u,v) of (38) with initial data (y,ug,vo) on [0, %]

Moreover, we have the following error estimate for all 0 <t < %,

pt 2,2, 3 3
[(¢B,uB, vB) = (€4, V)| oo (g xm) < C <1+\/E + ot +M2t) <Cp1.

V| o2l auolgs  ovol s

N—

where C = C (T7 Klinnuoa ‘<0|HG ) |UO‘H6 ) |IUO|H6 )

Remark 3.4. By standard energy estimates, we easily get that, for all 0 <t <

s

(B, uB,vB) — (¢, u, U)|Loo([o,t}xm) < Cut < Cy/p,

where C' is as in the previous theorem. Therefore, our result is not a simple energy
estimate. We use the dispersive effects due to the Coriolis forcing to be more accurate.
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Proof. The first point follows from Proposition 2.15. For the error estimate, if we de-
note by U = ((p, uB,vB)t, U satisfies the linear Boussinesq-Coriolis equation up to a
remainder of order y and a remainder of order u%. Then, using the Duhamel’s formula
we get

t 9z (Cpug) (1) \
U(t) =S@t)Uo + M/O S(t—1) —UB(T)axUB(T)a-F 1020 up(T 2 /S (t—7)
—UpOLUB

where R is a remainder bounded uniformly with respect to pu. Then, using again the
Duhamel’s formula on the first integral we get

t t pr . [t ~
+u/ S(t—7) | 1020,8:(7)Us +M2// R+u3/8(t—T)R
0 0 0 JO 0

= S(t)Uo — uly(t) + pla(t) + p2I3(t) + p2 I (t),
where S;(t) is the ith row of S(¢). We start by estimating ;. We have
¢ 9 (¢(T)u(7))
:/ St—71) | u(r)dzu(r)
0 u(7)0zv(T)

Then, we notice that 9, (¢(7)u(1)) = Ox (u(7)d,v(7)) since {(1) = dv(7) by Lemma
3.1. Therefore, using Lemma 3.2 and products estimates, we get

¢ Oz ((S1(7)Uop)(S2(7)U0))
ummm_A ! (S

|| (S:(1)U0)u(Sa(7) )
VIFE=T I\ (8(1)U0)0:(S3(T)T0) ] |ye

Vo

t
< C (IGol s  [wol g - 1ol s s
For I, using Lemma 3.2 we get

t
1+t

|I2| <C (’C0|H4 s |UO‘H4 , |UO|H4 ) ‘$C0|H4 > |75U0|H4 ) |$U0|H4)

Finally, using Proposition 2.15, we have

T3(8) 21 < € (1ol > 1ol s o0l o

L(t) 22 < € (1ol ol g ool e

v HG) t2

ti
o)t

Vv
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Gathering these four estimates, we get the result.
O

Hence, using Theorem 2.19, we justify that poincaré waves remain close to the solutions
of the water waves equations (14) over times O, (1) with an accuracy of order O (u).
Furthermore, if one can show that a solution of the water waves equations (14), with

initial data satisfying Condition (40), exists over a time O (ﬁ , we show that this

3
solution remains close, with an accuracy of order O (,u1>, to the solution of the linear

Boussinesq-Coriolis equations with the same initial data. The reader interested in more
linear properties of the water waves equations in shallow water can refer to Chapter 4
in [24].

3.2 Weak rotation, the Ostrovsky equation

Without Coriolis forcing and vorticity, it is well-known, that the KdV equation is a good
approximation of the water waves equation under the assumption that € and p have the
same order ([7], [15], [31], [3], Part 7.1 in [17]). When the Coriolis forcing is taken into
account, Ostrovsky ([27]) derived an equation for long waves, which is an adaptation of
the KdV equation,

3 1\ 1
Oc <8Tk + Skdek + 68§k> = k. (41)

This equation is called the Ostrovsky equation or rKdV-equation in the physical liter-
ature. Initially developed for internal water waves, several authors also studied it for
surface water waves ([28], [10], [21], [12]). The purpose of this part is to fully justify it.
Inspired by [10] we consider the asymptotic regime

E
Aost = {(&&%u,RO),O SMSMO@ZM,BZ’YZO,% = \//7} (42)

Then, the Boussinesq-Coriolis equations become (see Remark 2.14)
¢ + 0z ([1 + pclu) = 0,
(1 - %8%) O + 0:¢ + pudzu — /v = 0, (43)
O + pudyv + /pu = 0.

In order to motivate our approach, let us recall that we are interested in the one-
dimensional propagation of water waves in the long wave regime. If we drop all the
terms of order O( /1) in the Boussinesq-Coriolis, we obtain that

0y + Ogu =0,
a1‘,u + 8:13< = 05
at’U =0.
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Hence, if we assume that v is initially zero, we get a wave equation and propagation
of traveling water waves with speed +1. Therefore, it is natural to study how these
traveling water waves are perturbed when we add weakly nonlinear effects, i.e when we
consider the System (43). In this paper, we consider only water waves with speed 1. We
seek an approximate solution ((upp, Uapp, Vapp) Of (43) under the form

Capp(t7 m) = k(l’ —t, Nt) + NC(l)(ta T, ,U/t)v
uapp(ta :E) = k‘($ —t, Mt) + HU(1) (t7 x, Mt)v (44)
Vapp(t, ©) = /v j2) (t, T, pt).

where k = k(£,7) is our modulated traveling water waves, and the others terms are
correctors. Then, we plug the ansatz in Sytem (43) and we get

8t§app + 0y ([1 + MCapp]uapp) = ”R%l) + Mle,
(1 a %82) Ovttapp + OuCapp + appOztiapp — /IWapp = 1Ry + 4 Ra, (45)

3
atvapp + ,uuappaggvapp + \/ﬂuapp E \/ﬁR?l/Z) + w2 R37

where
R{yy = 9y + Opuqy + Ork + 2kdck,
1
R%l) = 8tu(1) + axC(l) + 0k + g@?k + kagk —V(1/2);
R?l/g) = 8tv(1/2) +k,
and

Ry = 0:Cay + Oz (kugy + K¢y + #Cayuq))
1 1 1

Ry = 8-,-U(1) - gagark‘ - g@i@ﬂt(l) — /,Liag&,-U(l) + 0y (ku(l)) + Mu(l)axu(l), (46)

Ry = 07y + (k+ Viuq)) v 2) + ).
Then, the idea is to choose the correctors with R%l)(t,.%,T) = R%l)(t,.%',T) = 0 and
R?I/Q)(t,x,v') =0forallzeR, t e [0, ﬂ and 7 € [0,7].
Remark 3.5. In fact, we should add \/u1/2)(t, z, ut), /w2y (t, @, pt), v(o)(t, z, ut),
and pv(y(t, T, ut) to the ansatz (44) for Capp, Uapp, Vapp and vapp respectively. However,

if we plug them in System (43) and we want to cancel all the terms of order (/i and p,
we get

OrC(1/2) + Ozu(iy2) = 0,

Oru(1 /2y + 021 /2) + vy = 0,

Orv(gy = 0,

Orv(1) + Orv(y + kOzv(0) + u(1/2) = 0,
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which leads to (1/2) = u(12) = voy = vy = 0 4f these quantities are initially zero.
Hence, we make this assumption in the following.

Then, if we assume that v(y/9) and k vanish at * = oo, the condition R‘?l /2) = 0 is
equivalent to the equation

8t81v(1/2) (t, x, 7’) + 8§k(x —t, ’7') =0.
Since, 0y(k(x —t,7)) = —0¢k(x —t,7), we can take
Ozv(1y2)(t, T, 7) = 83611?1/2) (x) — k%(2) + k(z — t,7), (47)

where vol o and kY are the initial data of v(1/2) and k respectively. Then, we have to
introduce the following spaces.

Definition 3.6. For s € R, we define the Hilbert spaces 0, H*(R) as

0, H*(R) = {k e HY(R), k = 0,k with k € HS(R)},
and k is denoted 97k in the following. In the same way, we define d2H®(R).
Then, if we assume that k(-,7) € 9, H*(R) for all 7 € [0, T, we have

) (@, 7) = vy gy () = 0 K0 (@) + 0, k(e — £, 7),

Furthermore, from R%l) = R%l) = 0, if we denote wy = ((1) £ u(y) we get

1
(Or 4 02) wy + <287k + 3kOck + gagk — ag%) (x—t,7)— (v?m) - aglko) (z) =0,

1
(O — Op) w_ + (k‘@gk - gagk + 65%) (z—t,7)+ (v&m — aglko) (z) = 0.

(48)
The following lemma (Lemma 7.6 in [17]) is the key point to control u and v.

Lemma 3.7. Let ¢ # ca. Let ki, ko, k3 € L*(R) with ko = K and Ky € L*(R). We
consider the unique solution k of

(01 + c102)k = k1(z — c1t) + ka(x — cat) + k3(x — cat),
k|t:0 - 0

Then, tlim ‘%k(t, )|2 =0 if and only if k1 = 0 and in that case
—00

C t t
k), < ——— (Kol —— + [k e —— ) .
ity < - (1Kl g e 1)
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Then, in order to avoid a linear growth for the solution of (48), we also have to impose
that

3ok + Lo - Lot
Ok + Shoeh + ZO%k = SO 'k, (49)

which is the Ostrovsky equation. Before giving a full justification of the Ostrovsky
equation, we need a local wellposedness result of this equation. The following proposition
is a generalization of Theorem 2.1 in [23] and Theorem 2.6 in [35] (see also [22] for weak
solutions).

Proposition 3.8. Let s > & and ko € 9,H*(R). Then, there ezists a time T > 0 and a
unique solution k € C ([0, T]; 0, H*(R))) to the Ostrovsky equation (49) and one has

85_1]“0’},_) .

Moreover, if s >3, ko € 02H*TI(R), k € C ([0,T]; 02H*T (R))) and one has

ango)HS“) .

Proof. We only prove the second point of the Proposition. We denote by S(t) the semi-
group of the linearized Ostrovsky equation

‘8g1k(t, -)‘HS <C (T,

lang(t, -)’ <C (T,

Hs+l

and it is easy to check that this semi-group acts unitary on H *(R). We denote k= 0.k.
Then, k satisfies the equation

= 30 (7 Logs 1o 47
Ok + S0 (Rk ) + <02k — S0 'k = 0.
Using the Duhamel’s formula we obtain
17, TN 7
O 'k(t, ) = S(1)07 ko + 5 /O S(t — s) (kk) (s,-)ds.

Since Gglfcg = —%k:g — agko + ajko € L*(R), we get the result since we have

| —1
585 kz@s Ork +

3 1
k2 + 92k,
TR 685

O

Notice that contrary to the KdV equation, we can not expect a global existence. We
can now give the main result of this part.
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Theorem 3.9. Let k° € 92H'O(R), such that 1 + ek® > hyin > 0, v° € 9, H*(R) and
wo > 0. Then, there exists a time T > 0, such that for all 0 < p < pg, we have

(i) a unique classical solution ((p,up,vp) of (43) with initial data (k°,k°, /m°) on

5]

(i3) a unique classical solution k of (49) with initial data k° on [0, T].

(iii) If we define (Cost,vostr) (t,x) = (k(z —t,ut), k(z —t,ut)) we have the following
error estimate for all 0 <t < %,

t 3
|(<Bqu) - (C-OshuOst)’Loo([O’t]XR) <C <(1 + \/ﬁt)lL—f-t + M2t>
where C' = C (T, Klin’“o’ ‘8;2k0|H10 , |8;1’U0‘H6).

Proof. In all the proof, C' will be a constant as in the theorem. The first and second
point follow from Corollary 2.17 and 3.8. In order to get the error estimate, we have to
control the remainders Ry, Ry, R3, defined in (46). First, using Lemma 3.7, the fact that
we can express the quantities %ngQ — %65314:, 9: 'k and vy as derivatives with respect to
x and the fact that k satisfies the Ostrovsky equation (49), we have

t
1+¢
But we can also control all the derivatives with respect to 7 or x of u and v be differen-

tiating (48). Hence, we get a control for the remainders R; and Ry. For Rj3, we use the
fact that v = 9;'k. We finally, obtain

[Cwl, + ul, < ©

t

|R1‘H2 + |R2‘H2 + ’R3|H2 <C <1+t

+ut—|—1>,

Then, thanks to Proposition 2.18 and remark 2.14, we get

3 t
(B uB,vB) — (Cappa uapp7vapp>‘Loo([07t}XR) < Cp2t <1—|—t + pt + 1> .

Moreover, we have

|(Capp7uapp) - (€05t’UOSt)’LN([O,t]xR) < Mm.

Then, the result follows easily.
O

This theorem, combined with Theorem 2.19, shows that the solutions of the water waves
equations (14) is well approximated over times O (ﬁ) with an accuracy of order O (u)

by the Ostrovsky approximation if we have a small Coriolis forcing. The approach we
develop here is similar to the one of the KP equations (see for instance [19], [1] or Part
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7.2.1 in [17]). The fact that k° € 9, H® is essential and physical since a solution of the
Ostrovsky equation has to be mean free. However, we suppose here that k° € 92 H(R)
and v° € 9, H?(R) which is more restrictive. In fact, using the strategy developed in [2]
for the KP approximation we can hope to release this assumption. Finally, notice that
contrary to the KdV equation, the Ostrovsky equation does not admit solitons ([38],

[9]).-
3.3 Very weak rotation, the KdV equation

As we said before, without Coriolis forcing, it is well-known, that the KdV equation is
a good approximation of the water waves equations. In this part we show that if 3 is
small enough, we get the KdV equation as an asymptotic model. We recall the KdV
equation

3 1
Ork + “koek + —03k = 0. 50
Inspired by [10], we show that g = O(u) is sufficient. we consider the asymptotic

regime

(3
-AKdV: {(6767’)/7:“11:{0)70SMSMO?‘S:/%[?:’Y:O’% :M} (51)

Then, the Boussinesq-Coriolis equations become (see Remark 2.14)
¢+ Oy ([1 + pClu) =0,
(1 — g&f) Oru + 0.C + pudpu — pv = 0, (52)
O + pudyv + pu = 0.

Proceeding as in the previous part, we seek an approximate solution ((upp, Uapp, Vapp) Of
(52) under the form

Capp(t, ) = k(x —t, put) + py(t, z, pt),
Uapp(t, ) = k(z — L, ut) + puq)(t, @, pt), (53)
Vapn(t,2) = pogsy (3, ).
Then, we plug the ansatz in Sytem (52) and we get
OCapp + Oz ([1 + pCapp)tapp) = ,uR%l) + %Ry,
(1 - %55) Otiapp + OxCapp + HlappOztiapp — Happ = #R%l) + 1’ Ry, (54)
Opvapp + HtlappOxVapp + Hilapp = NR:())U + 11* R,

where
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R{yy = 3Gy + Ouuqry + Ok + 2k0ck,

1
Riy) = Oyuqry + 0aCa) + Ork + 502k + ke,
Rfyy = 0wy + K,

and

Ry = 8:((1) + 0z (kuqy + kCay + u¢ayuy) »

1 1 1
Ry = 8TU(1) — gag’@k — §8§8tu(1) — MgagaTU(l) + Oy (kU(l)) + MU(l)aJ;U(I) — V(1)
R3 = 0rv) + 1 (k + pugry) Ouvry + gy,

Remark 3.10. We should also add v(o)(t,z, ut) to the ansatz (53) for vapy. However,
if we plug it in System (52) we get Oyv(gy = 0 which leads to vy = 0 if the quantity is
initially zero. Hence, we make this assumption in the following.

As before, we assume that R%l)(t,x,r) = R?l)(t,xﬂ‘) = R‘Z’l)(t,wﬁ) =0 for all z € R,
te [0, %] and 7 € [0,7] which leads to vy = v?l) — 07,1k 4+ 9,1k and, if we denote

xT

Wy = C(l) + u() we get
1
(0 + 2) ws + (287—k + 3kek + 3a§k> (x—t,7) =0,

(O — Op) w— + <k‘8§k‘ - ;85314;) (x —t,7) =0

and to avoid a linear growth of u or v we need that k satisfies (50). We also have an
existence result for the KdV equation (see for instance [16]).

Proposition 3.11. Let s > 1, kg € H*(R) and T > 0. Then, there exists a unique
solution to the KdV equation (50) k € C([0,T]; H*(R))) and one have

|kl gs < C(T, kol o) -
Moreover, if s > 2 and ko € 0, H™ (R), k € C ([0, T]; 0, H*"(R))) and we have

|0, 'k 0, ko

<C(T,

Hs+1 Hs+1) .

Then, proceeding as in the previous part, we obtain the following theorem.

Theorem 3.12. Let k° € 9, H?(R), such that such that 1+ek® > hyi, > 0, v° € H>(R)
and po > 0. Then, there exists a time T > 0, such that for all 0 < p < pg, we have

(i) a unique classical solution ((p,up,vp) of (52) with initial data (k°,k°,10®) on

b2]

30



(i3) a unique classical solution k of (50) with initial data k° on [0, T].

(i1i) If we define (Cxqv,uray) (t,x) = (k(x —t, ut), k(x — t, ut)) we have the following
error estimate for all 0 <t < %,

pt 2
(€8, uB) — (Cxavs txav)|pee (o xr) < C <1+t L t)
”O‘HS)'

This theorem, combined with Theorem 2.19, shows that the solutions of the water waves

8;1k0|H9 )

hmln

where C = C (T, L o,

equations (14) is well approximated over times O (%) with an accuracy of order O (u)
by the KdV approximation if we have a very small Coriolis forcing. Notice that con-
trary to the irrotational case, the transverse velocity v is not zero (also noticed in [10]).
Furthermore, in our situation, the initial data for the KdV equation has to be of zero
mean which means that we can not expect the propagation of solitons on a large time
(they have a constant sign) if 5 and p have the same order.

4 Green-Naghdi equations for v =0 and g = O (u)

This part is devoted to the derivation and justification of the Green-Naghdi equations
(62) under a Coriolis forcing, with v = 0 and for small amplitude topography variations
(8 = O(u)). The Green-Naghdi equations are originally obtained in the irrotational
framework under the assumption that u is small (no assumption on ¢) and by neglecting
all the terms of order O(z?) in the water waves equations (see for instance [32] or Part
5.1.1.2 in [17]). It is a system of two equations on the surface ( and the averaged
horizontal velocity V. These equations were generalized in [4] in presence of vorticity
but without a Coriolis forcing. This new system is a cascade of equations that involves
a second order tensor and a third order tensor. After deriving these equations, we show
that they are an order O(u?) approximation of the water waves equations. We consider
the asymptotic regime for the 1D Green-Naghdi equations

9
Agn = {(57/6777M7R0)70§N§H070 ng% < 17/8:(9(“)77:0} (55)

The next subsection is devoted to extending Proposition 2.8 and 2.9.

4.1 Improvements for the equations of Q, and Q,

We start by extending Proposition 2.8.

Proposition 4.1. If (C,U;’O,w) satisfy the Castro-Lannes system (14), then Q, sat-

isfies the following equation
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atQ.Z’ + €ua Q:v + EQma U+

(v—7)=— E\f O /
1,2 853 1 3,4\ 927
+€u6h u 3xu+aﬂ8h8$ (h u ) ou

+ e max (ﬁ\/ﬁ,u%) R

oy

and u¥, satisfies the equation

* — * * O — €
Opugy, + eudyuyy, + euy, 0,u + Roi (v —w) —5\f Oy / — ey/pud, Ozuly
veo ([ e \/ﬁu:h]) o,
—1+8b
+ cuR.

Proof. Using the second equation of the vorticity equation of the Castro-Lannes system
(14), we have

€ 3
Orwy + eulzwy + —wWo,wy = ew, 0,V + \/ﬂwza U+ —— o \f
Since w, = —fa v and w, = 0,v we notice that ew,0,v + fwza v = 0. Using
Proposition 2.5 we get

Orwy+EU0wy—e0y [(1+2— b)) O,wy—=———0 U—i—e\fAl—i—suAg—gmax(,uz,ﬂ\f)

oy

where

Al = u;‘h&rwy — Oy </ U:h> az‘-‘*’ya
—148b
2 z 2
Ay == (2= =) Buvwrgon ([ (142007 - 3 ) 02n) o,
2 3 2 1

Then, integrating with respect to z, using the fact that 0;¢ + 9, (hu) = 0 and ug, =
- f;c wy, we get

(v —v) =0, [(1+ z — b) ]8ush+5f/ Aq

Orugh + €U0 Ugh + EUgh Oxl +

Ro \f
3
+5u/ Ag 4+ e max (,ui,ﬁ\/ﬁ)R
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Integrating again with respect to z, using the fact that 9, 4+ 8, (hu) = 0 and Q, = u,
we obtain

ath + 5ﬂaan: + €Q$a$ﬂ +

¢ ¢
Roi/ﬁ (v=7) :E\/ﬁl / 1+,6’b/ A
+epu— /1+Bb/ Az +emax (m ﬁf)

The end of the proof is devoted to the computation of the others terms. We have

eC eC z
/ A = / U:haxwy — Oy (/ u:h) 8Zwy
z z —148b
eC z
= / Oz (ugywy) — eCQuwy + Oy </ u;‘h> wy.
z - —1+45b

Since wy = 0,uj,, we obtain

eC z
/ A1 = Q,0:Q, — ug,0rudy, + O (/ u:h) 0 ug,.
z —1+45b

then, integrating again with respect to z, we obtain

1 eC eC 1 eC 5
1 / / A= Q0,Q, — 20, / (uf)?
h ) 148 - h —148b

Furthermore, we have

e
[Fa--

T

h2
( —i—z—ﬁb] 3>8u8wy
10)

6( z h2 o
(- )

eC 2 2
O [<[1 +2 = Bb}2 — h) quwy] - 5830{%8%@&
z 2
By (/ ([1+z’—ﬁb]2—};> agu)wy.
—1+p5b

3
Since wy = d,uj,, we obtain

+

Il
|
T

e

eC eC 1 , 9 h2 o
/ Ay = 9s ([1+ 2 — Bb] D2auly) + 7635 <<[1 + 2/ — Bb]” — 3) 8zuush>

z 2
— -0, </ ([1+z’—5b]2 h >a2 >azu;h
—1+48b

9 (W*02uQ,) — £0,ChO2TQ,.

33



Then we integrate again with respect to z and we divide h. We obtain

/1+Bb/ Ao = /1+5b/ o ([142 = B8] Ozausy)

h2
. 0, (( +2' — ) ) aguu;h>
1+6b 3

1 2
+7 Oy < —I—Z—Bb h>82> Uy,
—1+8b 3

; 9y (W?02uQ,) — -hd,hd2uQ, + BR.

oo»b

Then, using the fact that

eC e¢ p2 eC e¢ 2
[T [ [ e
—1+6bJ 2 —1+6b —146b J2 —14+8b

we finally get

1 1
/ / Ay = 20, (h?Q,0%T) + ~h*u*d3u + —0, (hi”uﬁ) 0%t + BR,
14+6b 6 8h
and the first equation follows. The second equation follows similarly using the fact that
uy, = Ush — Q- a
We can also extend Proposition 2.9.

Proposition 4.2. If (C,U/’;O, ) satisfy the Castro-Lannes system (14), then Q, sat-

isfies the following equation

01Qy + eudz Q4 £Q, 0,V +

1
(T —u) = e\/1Q,0:Q, — 5\/ﬁ§h28§ﬂ8ﬁ

&
- 5\//71% </ u:h”:h)
h —1+8b
h2

—ep (8, h)2Q10m6+su—8268 Q,
ey 2 = 3, 4092

6“24]18 ( )8961)—{-8# h8 (h v azu>
+6max< 2 ﬁf)

€
Ro./1

and v}, satisfies the equation
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Ovly, + eu0ypvy, + euly 0,U +

1 aC * * * *
(u—1) :5\//75% </ Ushvsh> — £/ Bug, Oz Vg,
—1+b
+ed, ( / A+ \/ﬁu;fh]) Bl

—14+8b

€
Roy/1

1 5 h?
+5\/ﬁ2<[1+z—ﬁb] >8u8v
T e (u By R

Proof. Using the first equation of the vorticity equation of the Castro-Lannes system
(14), we have

Orwy + culpwy + Ewazwx = ew 0 u + iwzazu + L8zu.
7

Vi Roy/

Then, using the fact that VAV . w = 0 and VA? . U7 = 0, we get

€ € €
Owy — —0 -0 =_——0

Wy i (uw,) + P (Wwwy) Royji LU

then, we integrate with respect to z and, using the fact that 0, — iU“ -IN#0 =,

Wy = —#azv and w, = 0,v, we obtain

eC €
0, / wm> —udyv + u8v+ wav—l— u—1u)=0.
t( 1 Vi s Roy ™%

Then, we integrate again with respect to z and, using Proposition 2.4 and the fact that
OC — %Q" N0 =0, U Ng’o =0, and V*0.U* =0, we get

eC e 7
oQ, — fﬂav+fh </1+ﬁb > \Fhathw— Oﬁ(u—g)zo.

Then, thanks to Propositions 2.3, 2.4 and 2.5 we finally obtain that

0 Q,+e0,Q,+eQ, 00+ (u—u)= ey/11Q,0:Q, — s\/ﬁ%hzaiﬂaﬁ

1 =< * ok
- 5\/175810 Ugh Vsh
—1+8b

_ h?
+epT'uly 0,0 + a,u?aiﬂ@ny

+ Lo (/C * <[1+ 3b]? h2>82>
Efh——0y Vg z— — — | 0u

+ e max <u%,ﬁ\/ﬁ) R

Ro,/u
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Finally, we can compute that

1[5 5 h? 1
- * 1 _ ) 3,8
2/1+6bUSh ([ + z — BY] 3) 24hv,

and the first equation follows from Lemma 2.7. The second equation follows similarly
using the fact that v3 = ven — Q. O

As noticed in [4], the quantity E defined by

B, E e
<Emy Eyy 14-5b sh sh

appears in the equations of Q, and Q, and can not be express with respect to ¢, V and
V¥, The following subsection is devoting to giving an equation for E.

4.2 Equations for F

In this part, we derive an equation for E up to terms of order O(u). We have to introduce
the quantity F

e
F = (Fijk)ijk = / Vi ® Vg, @ Vg, (57)
—1+3b

The following proposition gives an equation for F.

Proposition 4.3. If (C, U/’;’O, w) satisfy the Castro-Lannes system (14), then E satisfies

the following equation

€

OE+eud,E + €l (E,0,V) +e\/ud, F. .1+ Ro

ES = (a\/ﬁaxw 2{\/0’7) D(V*, @)

+ max (5,u, bV I, éu) R,

where
& —2F Eur — E
S _ 1 1 Ty T Yy
B = /—1+,Bb VSh ® VSh * VSh ® VSh B (EZI - Eyy 2Effy ) (58)
5\ [ 30:UE, + 20,VE,, 20,UEy, + 0,VE,,
HE, 0. V) = ( 20, By + 0,VEy, 0, ULy, (59)
and

pvim — o2 (0 60
( ,u) = xu uﬁ 2Uﬁ . ( )
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Proof. The proof is similar to the computation in Part 4.5.2 and Part 5.4.1 in [4]. We
compute O;F and we use the second equations of Propositions 4.1 and 4.2 up to terms

of order O(u). For the Coriolis contribution, we use the expansion of u and v given in
Proposition 2.5 and 2.4. O

The quantity F' appears in the equation of £ and can not be expressed with respect to
¢, V, V# and E. The next proposition gives an equation for F' up to terms of order

O(/h).

Proposition 4.4. If (C,U;’O,w) satisfy the Castro-Lannes system (14), then Fy;, sat-

isfies the following equation

o
max (5, %) VIR,

O Fij1, + (@0, Fij, + 05uFijp 4 Fipj0: Vi + Fiup0y Vi + Fij10, Vi) +—F =

where

¢
FS = / V5 © Vg ® Vi + Va8 V4@V + Va @ Va @ V. (61)
—14+8b

Proof. The proof is similar to the computation in Part 4.5.3 and Part 5.4.2 in [4]. We
compute 0y F and we use the second equations of Propositions 4.1 and 4.2 up to terms

of order O(\/i). For the Coriolis contribution, we use the expansion of u and v in
Proposition 2.5 and 2.4. O

4.3 The Green-Naghdi equations

We can now establish the Green-Naghdi equations when d = 1. The Green-Naghdi
equations are the following system

O + 0y (hu) =0,

3
(1+pT) (T + T, ) + 0, C — %mwg(a) Oy Bup+ep?Ci(uf, ) + %%ag(h%ﬁ) =0,
04T + e, T + %ﬂ + ey By + 2 Co (0%, 02) = 0,

O,V + eVE,u + cud, VH + RivML —0,
0]

Oy E+e0,E + £ 1(E, 0, V) + ex/Hi0: F. .1 + éEs = @@@m %\/ﬁ)D(VK ),
6,5Fijk + eﬂ&,;Fl-jk + eﬁmﬂFl-jk + eFlkjé)xVZ— + EFilkamVj + EFijlaka + %FS =0.

where
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T =230 (170,),

Q(u) = B%ax (h3 [a@]?) ,

¢ (v, 7) = —6%836 (2n* w02 + 0, (hP )0,

6y () = 512, (00). =
e - (Rt e o)

0 uf
) — 92

and

e
ES:/ th®vsh+vsh®vjhz<

—2E,, Ey. — Eyy>
—1+p5b ’

E..,—FE 2F

. zw vy zy (64)
FS:/ Vi ® Vi ® Vi 4+ Vg @ Vi, ® Vi, + Vg ® Vg ® Vi,

—14-5b

and V¥ is defined in (29), F in (56) and F in (57). Notice that the first, the second and

the third equations of System (62) are the classical Green-Naghdi equations with new

terms due to the vorticity (terms with V* and FE). The last equations are important

to get a close system. We can now state that the Green-Naghdi equations are an order

O(u?) approximation of the water waves equations.

Proposition 4.5. In the Green-Naghdi regime with small topography variations Agy,
the Castro-Lannes equations (14) are consistent at order O(u?) with the Green-Naghdi
equations (62) in the sense of Definition 1.4.

Proof. The proof is similar to the one in Proposition 2.12. The first equation of the
Green-Naghdi equations is always satisfied for a solution of the Castro-Lannes formula-
tion by Proposition 2.3. For the second equation, we use Proposition 2.5, Proposition 4.1
together with Proposition 2.6, Lemma 2.7 and Proposition 2.10. Notice the fact that all
the terms with Q, disappear. The third equation follows from Proposition 2.4, 2.5 and
4.2 (all the terms with Q, also disappear). The last equations follows from Propositions
2.10, 4.3 and 4.4. O

Remark 4.6. Notice that even without a Coriolis forcing, we can not decrease the num-
ber of equations in the previous Green-Naghdi equations. However, if one also suppose
that the vorticity is initially of the form (0, wy, O)t, which corresponds to the propagation
of 2D water waves, we can significantly simplify the Green-Naghdi equations (See Section

4 in [4] and [18]).
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4.4 A simplified model in the case of a weak rotation and medium
amplitude waves

As noticed in [4], if we assume that ¢ = O(\/n) we can simplify the Green-Naghdi
equations. This regime corresponds to medium amplitude waves (in the terminology
of [17]). We also assume that ;- = O(y/i). Then, we can simplify the Green-Naghdi
system (62) by dropping all the terms of O(u?) and we get

8¢ + 9, (ha) = 0,

(14 uT) (Oru + eudyu) + 0,¢ — %E +epQ(u) + eply By = 0,

. E_ (65)
040 + eud,v + R—u + ep0p By =0,
0

O,F + cud, E + ¢ 1(E, 0, V) + éEs — 0.

Notice that in this regime, we catch effects of the vorticity on V thanks to the second
order tensor E. Without vorticity, this regime is particularly interesting since it is related
to the Camassa-Holm equation and the Degasperis-Procesi equation (see for instance [6]).
It could be interesting to understand how we can adapt these two scalar equations in
presence of a Coriolis forcing.
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